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ABSTRACT: The multiple scattering theory for the concentration dependence of the viscoelastic properties 
of polymer solutions is rederived with a discrete bead-type model for the polymer chains and the familiar 
Rouse and Zimm matrices. The use of the discrete chain model is helpful to eliminate errors arising from 
considering the limits of long wavelength, low frequencies, and long (essentially continuous) chains in improper 
orders or in an approximate fashion. The discrete chain representation enables us to prove the following 
theorems for phantom polymer chains: (i) There is no hydrodynamic screening, i.e., no Darcy’s law retarding 
forces on the polymers, for individual chains at infinite dilution. (ii) Theorem i enables us to convert the 
multiple scattering theory correlation function for the frequency-dependent intrinsic viscosity identically into 
the Rouse-Zimm expression within the preaveraging approximation. (iii) The hydrodynamic screening is 
shown to vanish term by term in the multiple scattering expansion and, hence, to all orders in concentration. 
From theorem iii and results on the concentration dependence of the viscosity of suspensions of spheres, it 
becomes clear that the origin of hydrodynamic screening lies in the presence of entanglements and interchain 
interactions. The mathematical complexity of the description of entanglements leads us to consider only 
a qualitative phenomenological model of the hydrodynamic screening and the transition it induces from 
low-concentration Rouse-Zimm-type behavior to high-concentration Rouse-like hydrodynamic properties. 

1. Introduction 
The Rouse-Zimm theory1p2 has been widely successful 

in providing a molecular basis for the understanding of the 
viscoelastic and frictional properties of individual polymer 
chains in solution? Despite its enormous utility, the theory 
is limited to the case of infinite dilution (one polymer 
molecule), very low frequencies (S104-106 Hz), and zero 
shear rate (a stationary fluid). A treatment of the higher 
frequencies requires a molecular understanding of the 
phenomena which have been classified under the pheno- 
menological heading of internal viscosity, while a de- 
scription at  nonzero shear rates necessitates a fully non- 
linear theory. 

We have provided a comprehensive theory of the con- 
centration dependence of the viscoelastic properties of 
polymer solutions based upon a multiple scattering for- 
mulati~n.~-” In this representation the fluid velocity field 
is represented as a superposition of all possible processes 
in which the incident fluid velocity field has its flow 
patterns disturbed, or scattered, by no polymer chains, by 
one chain, by two chains, etc., with all possible sequences 
of scattering by many chains. The theory has been im- 
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plemented in dilute and in concentrated solutions. In the 
latter case an effective medium theory6-10 is utilized to 
provide a physically simple self-consistent formulation of 
the concentration-dependent hydrodynamics. The infi- 
nite-dilution limit is found to agree with the Rouse-Zimm 
predictions of the frequency-dependent intrinsic viscosity 
[ ~ ( w ) ] ,  although a detailed proof has not yet been given 
to demonstrate that the multiple scattering representation 
correlation function expression for [77(0)] is indeed 
equivalent to the Rouse-Zimm theory. Here we show, in 
fact, within the popular preaveraging approximation the 
complete equivalence of the two theories a t  infinite dilu- 
tion. 

The multiple scattering theory of Freed and Edwards 
is, however, also applicable for nonzero polymer concen- 
trations. The theory has shown the importance of 
“hydrodynamic screening” in producing a transition from 
a Rouse-Zimm-like viscosity function, depending on cWl2 
(in 8 solvents), where c is the polymer mass concentration 
and M is the molecular weight, at lower concentrations to 
a cM-dependent viscosity for high concentrations but 
nonmacroscopically entangled solutions. This  
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“hydrodynamic screening” is a mathematical description 
of the emergence of a Darcy’s law retarding force13 on the 
fluid motion. 

In the proof of the equivalence of the Rouse-Zimm and 
the infinite-dilution-limit multiple scattering representa- 
tions of [ ~ ( w ) ]  it is shown that hydrodynamic screening 
vanishes identically within a single phantom polymer 
chain.13 Furthermore, it is proven that the hydrodynamic 
screening is likewise absent to all orders in the multiple 
scattering expansion and to all  orders in concentration, for 
phantom chains with unaveraged, anisotropic hydrody- 
namic interactions. This result emerges because the 
phantom polymer molecules are free to drift with the fluid 
with the polymer-averaged perturbed local fluid velocity. 
This free drifting at high concentrations undoubtedly re- 
quires that the phantom chains pass through each other. 
Of course, actual polymers are not phantom chains, so the 
emergence of hydrodynamic screening, if present, must 
somehow be associated with those forces that distinguish 
real polymer molecules from phantom chains, namely, 
entanglements. 

The molecular basis for the emergence of hydrodynamic 
screening can be extracted from the theory of Freed and 
Muthukumar concerning the concentration dependence 
of the hydrodynamics of suspensions of ~pheres.’~J*J~ 
Phantom Brownian spheres can drift with the local per- 
turbed fluid velocity, so hydrodynamic screening is ab- 
sent.16 Hard-sphere (or other) interactions at low sphere 
concentrations cannot alter this physical characteristic. At 
the other extreme, however, when the spheres are held 
fixed, hydrodynamic screening is obviously present because 
the fixed spheres do provide a net retarding force to the 
fluid’s motion.14 Now, as the concentration of, say, hard 
spheres is increased, the interparticle forces ultimately 
result in the formation of a glass (provided the ultimate 
crystallization is somehow inhibited). The glass corre- 
sponds to a system of fixed spheres (apart from a small 
number of degrees of freedom) with hydrodynamic 
screening. Thus, the onset of hydrodynamic screening 
must appear at  some physically accessible concentration 
of spheres. 

The situation with polymer chains is similar,1° except 
for the fact that the polymers are spread out over a much 
larger volume. Thus, at  rather low concentrations long 
polymer chains interpenetrate. This results in the emer- 
gence of gel modes in the semidilute region due to the 
interpenetration and entanglement of the polymer mole- 
cules. Here the entanglements impede the unhindered 
ability of a single chain to perfectly follow the perturbed 
fluid flow, so hydrodynamic screening is present. The 
theory in the concentrated regime follows similar to that 
previously given by Freed and Edwards, and the screening 
in the dilute regime is considerably reduced. The original 
calculations are marred, however, by errors of factors of 
2 that arise because of subtle complications due to reversal 
of the orders in which the long-wavelength hydrodynamic, 
the zero-frequency, and the long-chain limits are taken.9J6 
Hence, a more systemmatic analysis is provided here, 
utilizing the more popular discrete chain model3 where the 
details of the limiting procedures can safely be controlled. 

In section 2 we briefly provide the discrete chain rep- 
resentation of the basic multiple scattering theory. Section 
3 gives the proof that hydrodynamic screening vanishes 
within a single phantom polymer chain. This theorem then 
enables a demonstration of the equivalence of the 
Rouse-Zimm and multiple scattering expressions for [q(w)] 
within the preaveraging approximation. (We believe that 
the latter approximation is not required and that the 
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unaveraged theories should be equivalent.) The proof of 
the absence of hydrodynamic screening for phantom 
chains to all orders in the multiple scattering theory is 
presented in section 4, while section 5 contains a qualitative 
phenomenological description of the emergence of hydro- 
dynamic screening for real polymer molecules. 

2. Multiple Scattering Theory 
A. Equations of Motion. We consider a system with 

N polymer molecules in a fluid of volume V,  with the 
thermodynamic limit of N - m, V - m, N/ V - constant 
being invoked at  the end of the calculation. Each indi- 
vidual chain (Y contains n monomer units a t  the spatial 
positions Ri,(t), i = 1, ..., n, where t is the time. For sim- 
plicity, the chain is taken to be described in terms of Rouse 
“bead-spring’’ entropic forces appropriate to idealized 8 
conditions for phantom polymer chains. The equation of 
motion for the polymer, ignoring its inertia, is given by 

KCAi,R,,(t) = -aia(t) (2.1) 
rn 

with K the “force constant”, K = 3k~T/1~, 1 the Kuhn length, 
kBT the absolute temperature in energy units, Ai, the 
Rouse matrix1v3 

26im - 6 i , m + r  - 6i,m..I i, m # 1 or n 

i = n  
A .  = 6 i m - 6 i , m + I  i =  1 (2 .2)  

Im I 6 im - 6i ,m- i  

and ai,(t) the force exerted by the ith monomer on chain 
(Y on the fluid. The random forces, driving the Brownian 
motion of the polymers, are contained in ai,@) in addition 
to all frictional forces. A phenomenological treatment for 
non-8 conditions may be invoked8ig by employing scaled 
concentration-dependent values of K and A,, but these 
models require further investigation. 

In the limit of zero shear rate the dynamics of the fluid 
is governed by the linearized Navier-Stokes equation 
subject to the forces ui,(t) supplied by the polymer. If 
v(r,t) is the fluid velocity at r and t ,  the total force density 
exerted by the polymers on the fluid at  r and t is Ci,,6[r 
- Ri,(t)luia(t), so the fluid equation is 

F*(r,t) + D [ r  - Ri,(t)]ok(t) (2.3) 

where po and qo are the pure fluid’s density and viscosity, 
respectively. P(r,t) is the hydrostatic pressure that is 
determined from the incompressibility constraint 

i,a 

b.v(r,t) = o (2.4) 

and F*(r,t) is the random thermal force fluctuations which 
are required such for t - m the pure fluid alone would 
come to thermal equilibrium. The thermal equilibrium 
condition implies that F*(r,t) vanish on average and have 
the correlation function 

(FA*(r,t)F,*(r’,t?) = 26,&~T6(r - r’)6(t - t?  

P ,  = x ,  Y, 2 
(2.5) 

Within the simple Rouse chain model it is the presence 
of the random forces F* which drive the chain Brownian 
motion through the hydrodynamic boundary conditions 
relating the polymer and fluid velocities. The simplest 
no-slip boundary conditions are 

a v(R,,(t),t) = R i a  E -Ri,(t) all i, LY (2.6) 
at 

These boundary conditions enable the unique determi- 
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nation of the friction forces (ai&)) in (2.1) and (2.3). Note 
that v(r,t) in (2.3), (2.4), and (2.6) represents the perturbed 
fluid velocity a t  r and t in the presence of the polymers. 
As demonstrated below (see also ref 6 and 14), this hy- 
drodynamic boundary condition leads to the usual 
Oseen-type hydrodynamic interactions between monomers 
and to the usual friction forces, proportional to the dif- 
ference between the “bead” velocity Ri,(t) and the fluid 
velocity in the absence of the polymer, which is invoked 
in the Kirkwood-Riseman and Rouse-Zimm theories. In 
conformity with these theories, the mathematics is enor- 
mously simplified by utilizing a point friction model for 
the monomers. The theory could be formulated in terms 
of, say, spherical monomer units. Then if the leading 
multipole expansion were employed, the results would be 
as given below, provided the individual bead friction 
coefficient is inserted [cf. discussion following after (2.15)]. 

For low enough frequencies the dynamics of the pure 
fluid alone, the po(d/dt)v(r,t) term in (2.3), can be ne- 
glected, and (2.3) reduces to” 
-qoV2v(r,t) + +P(r,t) = 

F*(r,t) + C6[r - Ria(t)laia(t) (2.7) 

Note that (2.7) still depends on time because the polymers 
are undergoing dynamical motion. 

B. Macroscopic Fluid Equations. Ultimately it is 
necessary to perform a configurational average over the 
distribution function for the polymers a t  some initial time. 
Since the zero shear rate limit is under consideration, the 
averaging involves the equilibrium polymer distribution. 
Note that the solution of (2.7) implies that v(r,t) depends 
on all of the (R,(t)], so we may perform the configurational 
average of (2.7) to yield 

-qoV2u(r,t) + $P(r,t) = 

i,a 

F*(r,t) + (C6[r - Ria(t)lai,(t)) (2.8) 

where the angular brackets denote averaging over the 
polymer equilibrium distribution, u(r,t) = (v(r,t)), and ( P )  
is written simply as P. The last term on the right in (2.8) 
is the total friction force density a t  r exerted by the 
polymers on the fluid at  time t. In the linear viscoelastic 
region this friction force density is proportional to u(r,t), 
but the proportionality is, in general, nonlocal in space and 
time. This may be expressed as 

(C6[r - Ria(t)]uia(t)) = 

i,a 

w 

l d r ’ l t d t ’  Z(r - r’; t - t?.u(r’,t? + O(u2) (2.9) 
to 

where 2 is the fluid friction coefficient density tensor 
which has been termed the “self-energy” by mathematical 
analogy with many-body theory. 

As noted above the O(u2) terms are neglected here. The 
right-hand side may also be represented as a gradient 
expansion 

b(t - t?V4 + ...I. u(r,t? dt’ (2.9a) 

The existence of a spatially homogeneous term D implies 
the presence of a Darcy’s law net retarding force on the 
fluid and hydrodynamic screening. Substituting (2.9a) into 
(2.8) makes it clear that 6q(t - t? is the contribution to the 
average solution dynamical viscosity which is due to the 
polymers, while b(t  - t’) is the dynamical Burnett coef- 
ficient, etc. Hence, given Z we may determine all of the 

polymer contributions to the hydrodynamic coefficients 
D ,  6q, b,  .... It is generally conventional to express the 
dynamical quantities in terms of frequencies, and this is 
accomplished by use of Fourier transforms 

6 ~ ( w )  = lim l m d T  exp(-iwT - C T ) ~ ~ ( T )  (2.10a) 
t -o+  0 

Z(r - r‘, w )  = lim dT exp(-iwT - u)Z(r - r’, T) 

(2.10b) 
P o +  

The integrals in (2.10) range only over T = t - t ’ L  0 be- 
cause the system cannot respond before an applied force. 
Hence, the response functions must be proportional to the 
step function 6( t  - t’). This causality condition on Z 
implies that its time Fourier transform must be an analytic 
function of w in the lower half complex w plane to ensure 
that the inverse Fourier transform, giving Z(r - r’; t - t 3 
from 2(r - r’, w ) ,  be proportional to O(t - t?. Hence, real 
frequencies must be approached from the lower half plane, 
resulting in the t-limiting procedure in (2.10). This limit 
makes the Fourier integrals be well-defined, and it is im- 
portant in view of the fact that ~ T ( T )  and Z(r - r’, T) are 
often expressed in terms of correlation functions. The e - O+ limit then enables us to freely interchange the orders 
of the T and other integrals which otherwise would not be 
permissible.18 

Use of (2.9) to order u orl2.9a) in (2.8), along with the 
incompressibility constraint V.u(r,t) = 0, produces a simple 
hydrodynamic problem with the force density F* + 2-u 
which is readily solved formally in terms of the Oseen 
tensor 
G(r - r’) = (87rqo(r - r’I)-’[l + (r - r’)(r - r’)lr - r’l-2] 

(2.11) 

If the imposed flow field in the absence of the polymers 
is vo(r,t), the “solution” of (2.8) with (2.9) is simply 

u(r,t) = vo*(r,t) + Jdr’ dr” L t d t ’  G(r - r’). 

Z(r’ - r”; t - t?.u(r”,t’) (2.12) 

where vo* = vo + v* and v*(r,t) = Jdr’ G(r - r’).F*(r,t) 
are the random velocity fluctuations in the fluid. Equation 
2.12 may be iterated indefinitely to produce 

u(r,t) = vo*(r,t) + 
$r‘ dr” i o t d t ’  G(r - r’).Z(r’ - r”; t - t?-v0*(r”,t? + 

0 

JG.z .G.z .~~* + J G . ~ . G . . Z . G . Z . ~ ~ *  + ... (2.13) 

where the higher order terms in the series are written in 
symbolic form with dummy variables and integrations 
implicit. Equation 2.13 may be averaged over the random 
velocity fluctuations. Since (v*) = 0, the averaging elim- 
inates these terms. 

The general method for treating the concentration de- 
pendence of the hydrodynamics of polymer solutions is to 
attempt to solve the basic microscopic equations of motion 
(2.1), (2.7), and (2.6) as an expansion in G. After per- 
forming the configurational average over polymer con- 
formations, one can, by comparison of this result with 
(2.13), determine Z and then the hydrodynamic quantities 
from (2.9a). The related effective medium theory7J0 takes 
the hydrodynamic disturbances to be propagated through 
the average polymer solution as described by the effective 
concentration-dependent hydrodynamic interactions G(r 
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- r‘; c) rather than the Oseen tensor G(r - r’). The ex- 
pansion procedure is more involved, but the basic tech- 
niques are related. 

C. Solution of the Equations of Motion. If the R,(t) 
and ai,(t) were known, then (2.7) could trivially be inte- 
grated to give 

v(r,t) = vo*(r,t) + C a r  - Ria(t)].ai,(t) (2.14) 

Note that v(r,t) in (2.14) is the velocity a t  the point r and 
time t in the fluid. But because of the point monomer 
model, the no-slip boundary condition (2.6) implies that 
(2.14) is equally valid as the bead velocity for the points 

i,a 

r equaling Ria. 
Amlvina the hvdrodynamic boundary condition (2.6) 

for 38 to (2.14) yiklds - 

R j o ( t )  = V(RjB(t)rt) = 
vo*(Rj&t),t) + C qR,,&t) - Ria(t)].uia(t) (2.15) 

i,a 

Because the monomers are taken as point sources of 
friction, the self-term G[Rja(t) - Ri,(t)] for j/3 = ia is 
undefined. This difficulty would be rectified by treating 
the monomers as spheres of nonzero radius. Then it is 
readily shown that the self-term G is just r’1 ,  where f is 
the bead friction coefficient. In the following, this is as- 
sumed to be implicit in the definition of G. For a single 
bead (2.15) yields the friction force equal to flR - vo*(R)], 
while for a single chain (2.15) may be rearranged6 to the 
standard Kirkwood-Riseman force equation (cf. eq 31.7 
of Yamakawa3). These results follow from the use of the 
boundary conditions (2.6).14 

Multiplying the polymer equation (2.11) by the quantity 
Ci,,G[RjB(t) - Ri,(t)]. produces 

C qRjp(t) - Ria(t)I~Aim.Rma(t) = 
i,m,u 

-CCflRjfi(t) Ria(t)l.ai,(t) (2.16) 
i,a 

The term in G-a may be eliminated between (2.15) and 
(2.16), leaving 

R j o ( t )  + C qRjb(t) - Ri~(t)I~Aim’Rm&t) = 
I,m 

vo*(Rjg(t),t) - C G[RjB(t) Ria(t)I~Aim.Rma(t) (2.17) 
a#@ 
i,m 

where we have separated the sum over all a into a = /3 and 
a # /3. The first three terms in (2.17) provide the Langevin 
equation for a Rouse chain with hydrodynamic interactions 
Gin a fluid with imposed velocity vo and random velocity 
fluctuations v*. The latter have the spectrum 

2kBTGx,[Rjs(t) - Ria(t)]6(t - t3 (2.5a) 
(vx*(RjB(t),t)v,*(RiB(t?,t?) 

A, P = x ,  Y ,  
as deduced from (2.5). The last term on the right in (2.17) 
arises from the hydrodynamic disturbances due to the 
remaining chains in solution. 

We assume that single-polymer problems may be solved 
(at least approximately). A formal solution of (2.17) is 
written as 

(2.18) 
where @,(t,t’) is the fundamental solution for the single 
polymer 

6jm16(t  - t?  (2.19) 

Note that g,,(t,t? is a function of the instantaneous mo- 
nomer positions (RjB(t)), so (2.19) cannot be solved exactly. 
In the preaveraging approximation2t3 G is replaced by its 
average ( G ) ,  enabling (2.19) to be solved. The ( G )  is 
proportional to the H matrix of Rou~e-Z imm~,~? ’~  theory 
by 

(G) = H l r l  (2.11a) 

Expansions in G -  ( G )  can then be generated to obtain 

Equation 2.18 can be iterated indefinitely in the last 
g p m ( t , t 3 a 6  

GA-R terms on the right to yield 

(2.20) 

where the last term is written in symbolic form with in- 
dices, integrations, and summations implicit. The formal 
“solution” for (Rma(t)] from (2.20) can be substituted into 
the left-hand side of (2.1) to provide a formal solution for 
aia(t)  as the multiple scattering series 
a;,(t) = - K A ~ v ~ *  + C K A ~ G ( R ,  - R,&~Agvo* - 

B#a 

K A ~ G ( R ,  - RB)xA-gG(RB - R,)~A*gvo* + ... 
(2.21) 

When inserted into (2.14), the configurational average over 
polymer conformations may be taken. The average over 
the random velocity fluctuations can be performed like- 
wise, and the (v*) terms then vanish. 

In order to convert the multiple scattering species for 
u into the form of (2.131, the argument of G and vo must 
be rewritten in terms of positions in the fluid. This is 
accomplished by use of identities 

B+a r#B 

qRia(t) - Rjp(t3l E 
l d r l d r ’  6[r - Ria(t)]G(r - r’)s[r - RjB(t?] (2.22a) 

vO(RjB(t),t) E I d r  6[r - Rjs(t)]vo(r,t) (2.22b) 

Substitution of (2.21) and (2.22) into (2.14) yields a formal 
solution for the velocity field v(r,t) a t  any point in the 
fluid. By (2.6) this also gives the bead velocity Ri,(t) if 
r coincides with any R,,(t). We defined u(r,t) = (v(r,t)) 
as the configurationally averaged velocity field at point 
(r,t) in the polymer solution. The ( ) denotes an average 
over an equilibrium polymer distribution at  some initial 
time in the distant past. Further writing u(r,t) as the 
average of u(r,t) over the random velocity fluctuations in 
the fluid, after considerable algebra, we find the average 
solution velocity field (linear in vo) can be written as 

u(r,t) = vo(r,t) - C l d r ’  dr” G(r - r’). 
a 

( T,(r’,r’’,t,t l(Ria(t))) )vo(r”,t 3 dt’ + 
(E G.T,.G*T~.VO) - 
a @#a 

( C  C G*T,.G*TB-G*T,.vO) + ... (2.23) 
a B f a r # B  
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where the (ri) refer to a single chain at infinite dilution. 
The spatial Fourier transforms of (2.9) can be compared 
with (3.4) to show that D(t - t? is equal to Z(k = 0, t - 
t 9, that 6q(t - t is the negative of the coefficient of k2 in 
Z(k, t - t?,  b(t - t?  is the coefficient of k4, etc. 

A. Vanishing of Hydrodynamic Screening for In- 
dividual Phantom Chains. Consider first the hydrody- 
namic screening constant D(t - t ' )  given by 

o(t - t? E Z'')(k = 0, t - t ' )  = 

i j , m  
-(N/V) C ~Aij(gj,(t,tl(r~(7)))) (3.5) 

The Rouse matrix A, of (2.2) has the simple property that 

CAij = CAij E 0 (3.6) 
i i 

Hence, summing (3.5) over i implies that through first 
order in polymer concentration 

D ( t - t ? = O  (3.7) 
and hydrodynamic screening vanishes for an individual 
phantom chain2I with full unaveraged hydrodynamic in- 
teractions. Note that the use of (3.6) in (3.5) is predicted 
on the fact that (gjm(t,tl(rp(7)})) is bounded. This follows 
from the physical requirement that the average linear 
response of a polymer, 6 (R&) ) , to a constant applied force 
be bounded. The violation of this condition would imply 
the existence of an instability and very likely the inap- 
plicability of the original model of the chain dynamics. 

B. Dynamic Intrinsic Viscosity in the Preaverag- 
ing Approximation. The coefficient of k2 in B(k, t - t? 
may be obtained by expanding the exponential in powers 
of k via 
exp(ik.[ri(t) - r,(t?]) = 1 - ik.[ri(t) - r,(t?] - 

YZkk:[ri(t) - rm(t?][ri(t) - r,(t?] + O(k3) (3.8) 

The isotropy of the averaged polymer solution implies the 
absence of any preferred direction in space. Consequently, 
the configurational averaging in (3.4) must produce a 
function of k2 = lkI2. The contribution of the odd powers 
of k in (3.8) to the average (3.4) must therefore vanish. 
The term in k k  ... in (3.8) after averaging must be replaced 
by the factor -l/6k2[ri(t) - r,(t?I2, etc. Thus, the polymer 
contribution to the viscosity is given by 
6q( t  - t ? l  = 
-(N/6V) C KAij([ri(t) - r,(t?12gjm(t,t1(rp(~)))) + 0(c2) 

(3.9) 
The complexity of gj,(t,t l(rp)) discussed in section 2 

leads us now to invoke the popular preaveraging approx- 
imation2p3p6 of replacing G[Rjs(t) - Ris(t)] in (2.19) by its 
average 

( qrj( t )  - ri(t)]) = $'Illii (3.10) 

The resultant approximate gj,p is now independent of the 
(rp), and it is a function of t - t'. The equation for the 
preaveraged gmPa 

i j , m  

where tt indicates that the average over random velocity 
fluctuations has been taken and 
Ta(r,r',t,tl~Ria(t)J) = 

+ C 6[r - Ria(t)I~Aijgjm(t,tl(R,,(t)))G[r' - Rma(t?l 
i j , m  

(2.24) 

describes the dynamical scattering of the fluid by a single 
polymer chain. Note that in the last term in (2.23) we may 
have y = a or y = a, so this term has portions of second 
and third order in polymer concentration c, respectively. 
Comparing (2.23) with (2.13) (for u) enables Z to be de- 
termined as 
B(r - r'; t - t?  = -C( Ta(r,r',t,tl{Ria(t)))) - 

n c {(T,.G.T~.G.T,) - (T,.G.T~.G.T,.G.T~) + ...I - 
a @#a 

C C C ( (  Ta.G.Tfl.G.T, + ...)) + ... (2.25) 
a B # a y # f l , a  

where (2.25) is derived under the assumption that the 
polymers are noninteracting, uncorrelated phantom chains. 
A more general treatment for interacting particles will be 
given elsewhere. 

In the next section we analyze the properties of ( T u )  
to describe hydrodynamic screening and viscosity for a 
single chain, the inifinite-dilution limit, while section 4 
discusses the homogeneous portion of (2.25) which governs 
the concentration dependence of hydrodynamic screening 
for phantom chains. 

3. Screening and Viscosity at Infinite Dilution 
In the limit of infinite dilution the first term on the right 

of (2.25) in ( T u )  gives the leading contribution. The av- 
erage over all polymer conformations is taken in two stages. 
First we average over all center-of-mass positions Rao by 
using 

Ria = R,O + ria (3.1) 
Equation 2.19 implies that gpm depends only on relative 
internal positions, rjs - rib, so the only terms in (2.24) 
depending on Rao are the 6 functions. The center-of-mass 
averaging utilizes the distribution n,[ V-'.fdR,O]. The 
integral 

1dR.O 6[r - R,O - ria(t)]6[r' - R,O - rma(t?] = 
6[r - r' - ria@) - rma(t 91 (3.2) 

and the fact that all chains contribute equally to C,( Ta) 
imply that (2.25) reduces to 
Z(r - r'; t - t?  = -(N/V) C (6[r - r' - ria(t) + 

i j , m  

rm,(t?I~Aijgi,(t,tI(rpa(7)))) -I- O(C2) (3.3) 

with the average now only over the internal (ria) distribu- 
tion. Note that we have explicitly ignored the difference 
between R,O(t) and R,O(t 9 due to center-of-mass Brownian 
motion. If included,6*20 this would add a term in Rao(t 
- R,O(t) to the argument of the 6 function in (3.3). Av- 
eraging over the random forces would then produce the 
additional overall factor of exp(-Dh21t - t l )  in Z(k, t - t? 
below,20 with Do the chain translational diffusion coeffi- 
cient. 

I t  is convenient to introduce the spatial Fourier trans- 
forms of Z to define 
Z(k, t - t? = - ( N / V )  X 

1 (exp{ik-[ri(t) - r,(t?])~Aijgi,(t,tl(r,(7)))) + o(c2) 
(3.4) 

i j , m  

[ $ 1 6 j p  + F$llHji~Aip gP,Pa(t,t3 = 6,l6(t - t?  (3.11) 1 
may be solved formally to give 

gp,P"(t,t? = g p m p y t  - t ? l  = 
le(t - t ?(exp[-r'KHA(t - t ? ] ) p m  (3.12) 

where the exponential contains the matrix HA of the 
Rouse-Zimm theory and e ( x )  is the step function. 



Vol. 14, No. 5, September-October 1981 

Using (3.12) in (3.9) gives the preaveraging approxima- 

KAij([ri(t) - rm(t?I2)O(t - t?  X 

(exp[-r-'KHA(t - t?])jm (3.13) 

The quadratic expression may be expanded to give the 
summand 

KAij[(lri(t)I2) + (Irm(t?12) - 2(ri(t).rm(t?)1 X 

tion 
b p ( t  - t? = -(N/6V) 

i j , m  

(exp[-r'KHA(t - t?]),, (3.14) 

When the second term of (3.14) is summed over i, we have 
an overall factor of CiAjj which vanishes by (3.6). The first 
term of (3.4) contributes a factor of C,(exp[-r'KHA(t - 
t ?I],,, which is now demonstrated to likewise vanish. 
Expanding the exponential in powers of t - t'gives 

C [ S j m  - r'KCHjaAa,(t - t?  + 
m a 
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that drive the Brownian motion of the chain. Equation 
3.20 has the formal solution 

rj(t) = S t d t l  g,iP"(t - tl)v*(ri(tl),tl) (3.21) 

Forming (ri(t)-rm(t?) and using the preaveraged form of 
(2.5a) 

(ux*(ri(t),t)U,*(rj(t?,t?) = 28xPk~Tr'Hij8(t - t?  (3.22) 

enable us to find 
(ri(t)*r,(t?) = 

QPP t o  

t o  

6 k ~ T x  S m d t l  giqPa(t - t' - t l )~ 'Hq , .gmP~( - t l )  (3.23) 

For an equilibrium system the initial time can be taken 
to -00, so (3.19) is reduced to the matrix form 

It is clear that the last matrix factor in each term of (3.15) 
apart from the first is one in A,,,,, where the dot designates 
some dummy summation index. Hence, the last matrix 
factor of C,A.,,, makes all these terms vanish. The re- 
maining portion arising from the first term in (3.15) gives 
~Aij( lri(t)I2), which vanishes when summed over j because 
& A i j  = 0 by (3.6). Thus, (3.13) is reduced to the corre- 
lation function form 
6qPa(t - t?  = (N/3V) KAij(ri(t).rm(t?)O(t - t? X 

(exp[-r'KHA(t - t?])j, + O(c2) (3.16) 

From (2.10a) and the definition of the dynamic intrinsic 
viscosity [q(w)] 

6du) = CllO['l(dl + 0(c2)  (3.17) 

i j , m  

with the polymer mass concentration given as 
C = MANn/VNA (3.18) 

where MA is the monomer molecular weight and NA is 
Avogadro's number, the preaveraged intrinsic viscosity is 

C. Proof of Equivalence of (3.19) and Rouse-Zimm 
Preaveraged Theory. To continue further it is necessary 
to evaluate the single-chain correlation function ( ri(t). 
r,,,(O)). It should be noted that an alternative approach 
involves substituting the preaveraging approximation 
(3.12) for gj,,, into (3.4). Then the average to be determined 
is (exp(ik.[ri(t) - rm(t')]]). n-2 times the sum of this 
quantity over i and m is just the dynamic single-chain 
structure factor given by P e ~ o r a . ' ~ - ~ ~  This enables the 
evaluation of the leading order c part of Z(k, t - t? from 
which the viscosity is readily extracted. As this method 
produces the full Z(k, t - t?,  which is of interest in cal- 
culating the Huggins coefficient, the Burnett coefficients, 
etc., this calculation will be presented elsewhere.20 

We consider a single chain in a fluid at  equilibrium (in 
a frame moving with the center of mass, for convenience). 
Within the preaveraging approximation the equation of 
motion (2.17) for this chain reduces to 

rj(t) + CKr'HjiAimrm(t) = v*(rj(t),t) (3.20) 

where v* are the random velocity fluctuations in the fluid 

i,m 

0 
S_,dti [exp(-r1KHA(7 - t1))liq X 

~ ' ~ q p ~ e ~ ~ ( - ~ ' ~ H A ~ ) l j , , , ~ ~ ~ ~ ~ ~ ' ~ H A ~ ~ ) l m p  (3.24) 

Equation 3.24 may be simplified further by considering 
the well-known transformation Q diagonalizing H and A. 
Introduce the diagonals M and N with diagonal elements 
wa and u,, respectively. Then as summarized by Yama- 
kawa3 

QTAQ = M 
Q-'H(Q-')T = N (3.25) 

This enables us to write, for instance 

[exp(-r1~HA7)Ijm = CQja exP(-~'~Pa~,~)(Q-')a,  (3.26) 
a 

Substitution of (3.26) into (3.24) and repeated use of (3.25) 
and (3.26) convert (3.24) to 

(3.27) 
The well-known preaveraged Rouse-Zimm relaxation times 
are 

7, = (2r1K/.LaUa)-' 

and (3.27) is the corresponding exact Rouse-Zimm 
preaveraged dynamic intrinsic v i s c o ~ i t y . ~ ~ ~  This demon- 
strates the formal identity of the multiple scattering and 
Rouse-Zimm dynamic intrinsic viscosities. The impor- 
tance of the Freed-Edwards theory, however, resides in 
its ability to treat polymer solutions at  nonzero concen- 
trations. 

4. Hydrodynamic Screening for  Phantom Chains 
a t c # O  

The vanishing of Z(k = 0, t - t? to all orders in conen- 
tration for phantom chains can be demonstrated by 
treating an arbitrary term in the multiple scattering ex- 
pansion (2.25) of the form 
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C C ... C (Ta.G*TB.G* .... T,) (4.1) 

The integrations and summations are understood to be 
implied for notational brevity. Substituting the definition 
(2.24) for the T operators and performing all the spatial 
(r ,  r’, ... ) integrations convert (4.1) into the contribution 
to Z ( r  - r’,t - t? 
*E C ... C (6(r - Rai(t))KAga.G(Raj - RBI)KA-gB. 

a B#a w#.. .  

a B#a w # . .  . 
G(RB, - Ryp)- ...G(... - Rwy)KA.gU6(r’ - R,,(t?)) (4.2) 

where g is shorthand for gj(t,t’l(r5q]), etc. 
We consider first the configurational average over the 

polymer center-of-mass positions (R,O). Introduce the 
spatial Fourier transforms of the two Dirac 6 functions and 
the G factors to convert (4.2) into 

Macromolecules 

f fi [ s ”1 exp(ikl.r + ikn;r’) X 

(exp [-ikl.Rai(t)]~Aga.exp [ ik24Ruj - RBI)] G(k,)~Amg, X 

X = l  ~3 

exp[ika*(Rp, - Ryp)l.CYk~)..*G(kn,-l) X 
exp[ik,, -,.(... - R,,)]KA.~, exp[-ik,;R,,(t’j] ) (4.3) 

(4.4) 
According to (2.19) and the equations which follow, g, is 
independent of the center-of-mass R,O of chain a. Hence, 
the only terms in (4.3) which are associated with center- 
of-mass positions are contained in the factor 
(exp(-ikl.R,O) exp[ik2.(R,0 - R:)] exp[ik3. 
(R: - R,O)l ... exp[ik,, -,. (... - R,O)] exp(-ik,;R>) ) (4.5) 

The center-of-mass average for phantom polymer chains 
involves the distribution function 

where G ( k )  can be shown to be4p6 
G(k) = ( 1  - k-2kk)/&2 

(4.6) 

while for correlated, phantom chains we have the distri- 
bution function 

where P((R?)) depends only on interparticle separations. 
[The dependence of P((R2)) on the internal coordinates 
(rsj) is not separable, but that point is of no concern at this 
juncture.] In both (4.6) and (4.7) we transform to the set 
of relative coordinates 

pa = R,O pB R; - R 2  all /3 # a (4.8) 

All distribution functions depend only on (pal/3 # a)  and 
are independent of R,O. The integrations are transformed 
as 

Using (4.8) transforms (4.5) to 
( exp(-ikl.p,) exp[ik2-(-pB)] exp[ik3- 

(Pg - ~ $ 1  ... exprik,, -14... - p,)l exp[-ik,;(P, + pa)]) 
(4.10) 

Note that because only the first and the last factors in (4.5) 
do not involve relative positions, they are the only ones 
in (4.10) which produce factors containing pa. The integral 
of (4.10) over pa is now trivial, giving ( 2 ~ ) ~ S ( k ,  + k,,). 
When this is inserted back into (4.3) and used to evaluate 
the k,, integral, the (r and r’)-dependent factor becomes 

exp[ik.(r - 191. This is trivially a statement of the isotropy 
of space and the resultant fact that Z depends on r - r’. 

Having performed only the JdR,O = Jdp,, we may now 
denote ( )bozo as the restricted average, where R,O is taken 
as 0. To obtain Z(k = 0, t - t? we utilize the result of the 
JdRao integral and take the spatial Fourier transform of 
(4.3). The k = 0 contribution thereby provided is found 
to be 

(4.11) WJ-. G(knt-l) exp[ik,,-1.(... - R,y)]~A*g,) 

Notice that the choice of k (=kl = k,J = 0 eliminates the 
first and last factors in angular brackets in (4.3). Now, the 
coefficient of the angular brackets in (4.11) contains the 
left-most term CiAij which vanishes by (3.6). Hence, Z(k 
= 0, t - t ’j vanishes term by term in the multiple scattering 
expansion for phantom chains. This implies that there 
is not hydrodynamic screening for phantom chains to all 
orders in concentrations with full, unaveraged, anisotropic 
hydrodynamic interactions. 
5. Model for Hydrodynamic Screening 

It  is obvious that it is possible to take real non-cross- 
linked, linear polymer molecules and form them into a very 
porous medium through which fluid may flow. Darcy’s law 
must hold for such a porous material, apart, perhaps, for 
some corrections due to nonhomogeneous flow. This, 
however, implies that hydrodynamic screening is present 
in this dense polymer system. As the screening is absent 
for these real chains at  inifinite dilution, there must be an 
onset of hydrodynamic screening a t  some nonzero con- 
centrations.l0 This onset is due to the presence of inter- 
actions and entanglements in real polymer systems. In the 
theoretically interesting, but experimentally unfeasible, 
limit of a very high molecular weight linear polymer, where 
a single chain can provide a macroscopic porous sample, 
hydrodynamic screening is therefore also present due to 
the self-entanglements. 

Let us assume that at  a concentration c of polymer 
chains there is a fraction f, which are entangled. f,, in 
general, is a function of frequency w. A theory off, may 
be designed on the basis of encounter probabilities as re- 
viewed by G r a e s ~ l e y . ~ ~  This implies that f, varies with c 
and molecular weight M as 

f e  a cM (5.1) 
Above some “critical” concentration ch*, f, becomes equal 
to unity. Intuitively, it is to be expected that ch* is pro- 
portional to c*, the chain overlap concentration. Thus, in 
the semidilute region the free center-of-mass motion of any 
chain is ultimately impeded by the presence of entangle- 
ments with another chain. 

A full mathematical theory of polymer dynamics with 
entanglements is currently unavailable, so a model must 
be invoked. We consider here a chain with n units where 
some interior unit E is trapped in an entanglement junc- 
tion. The unit is modeled by taking rE(t) to be fixed at  
the position of the entanglement junction rE,  independent 
of time. A slightly more general model would allow of 
oscillations of r&) about an equilibrium value rE .  At  a 
concentration c of polymers this entangled test chain has 
an effective concen_tration-dependent hydrodynamic in- 
teraction tensor rlHi,(c) between units i and j on the chain. 
The effective medium theory of the hydrodynamics of 

I Ra0=O 
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polymer solutions can be introduced in the discrete rep- 
resentation of section 2, with a fraction f ,  of the chains 
having these entanglement junctions. We dispense here 
with the detailed derivation of the effective medium the- 
oryl and merely note that it requires that the calculation 
be performed with r'Hij(c) for a single chain to calcylate 
Z(k,w;c). Then this Z(k,w;c) is used to determine r'Hij(c) 
self-consistently. Here i t  is unnecessary to treat the 
self-consistent solution, as only a qualitative phenome- 
nological description is desired. 

The solution has a fraction f ,  of entangled chains, so the 
friction coefficient density tensor, the "self-energy", for 
the solution is a weighted average from the entangled and 
nonentangled chains 

Zsoln = f e z e n t  + ( 1  - fe)Znon-ent (5.2) 
is calculated by using a Rouse bead-spring mpdel 

with the effective hydrodynamic interaction tensor r'Hi,(c) 
(which depends on Zmh). The parameters f, 1, etc. may 
become concentration dependent. Nevertheless, even 
without the explicit specification of fii ,(c), the arguments 
of section 3 show that ZnonSent(k = 0, t - t?  = 0, so the 
nonentangled chains do not contribute to hydrodynamic 
screening. The specific viscosity per chain has the same 
form as (3.27) except that the^ T,-are eyaluated from the 
diagonal matrix elements of &-'H(c)(&-')~ so the T ,  be- 
come concentration dependent. The leading c dependence 
of the T ,  has been given by Muthukumar and Freed.s 
Hence, we may dispense with a consideration of 

The evaluation of Zent requires a description of the dy- 
namics of at  least a pair of entangled polymer chains. As 
the treatment of even the equilibrium properties of en- 
tangled polymers is extremely difficult, here we introduce 
a phenomenological model to qualitatively describe the 
properties of Zent. Concepts here are borrowed from the 
theory of rubber elasticity by treating the entanglements 
as temporary linkages (either fixed or slip-links) between 
the chains. Each entanglement is taken to introduce two 
new polymer strands. Of the N initial chains of n units 
a fraction f e  are (1 /2) fJV.  Approximating this in terms of 
binary entanglements a t  low concentrations, this implies 
(1 /2 ) f JV  entanglements between fa primary chains, re- 
sulting in 2fJV strands of average polymerization index 
n /2 .  At higher concentrations the fa primary chains have 
m entanglements, and the individual strands have an av- 
erage polymerization index 

(5.3) 

These fJV + 2m strands with n,B units on average are then 
taken as individual Rouse chains with-the same screened 
hydrodynamic interaction tensor r lHi j (c ) .  Thus, these 
strands do not contribute to hydrodynamic screening. 

In the simplest possible model the entanglement junc- 
tions are temporarily taken to be immobile. Hence, there 
are at  least 2 m  units which are fixed because of the m 
entanglement constraints. This simple limit14 produces 
a net retarding force on the fluid motion and, consequently, 
provides a contribution to the k = w = 0 limit of Zent of 

f a n  - 2m 
fa+ 2m neff = 
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In the limit of high concentration these fluctuations be- 
come damped out, and the cE(t - t ') contribution becomes 
negligible compared to that of the hydrodynamically 
screened strands between entanglement junctions. Fur- 
thermore, for c > ch* we have f e  = l ,  so the resultant 
viscosity is that of N + 2m Rouse strands with (Nn - 
2 m ) / ( N  + 2m)  units on average and screened hydrody- 
namic interactions as produced by (5.4). (We assume here 
that the primary strands are short enough that a macro- 
scopically entangled network is not formed.) The number 
of entangled units m(c)  grows with concentration, so the 
hydrodynamic screening becomes progressively larger. 
Given the model of N + 2m strands with the screening 
constrained by (5.4), the techniques of Freed and Ed- 
wardss" show that the high-concentration limiting viscosity 
is of the Rouse form with an effective concentration-de- 
pendent friction coefficient. The results of Freed and 
Edwards for this case may be reinterpreted as a mathe- 
matical model in which the unknown Zent(k = w = 0) is 
calculated self-consistently from the effective medium 
theory rather than by a true microscopic description. The 
final results, however, are qualitatively the same in the 
high-concentration limit, where the calculations of Freed 
and Edwards are g i ~ e n . ~ ? ~  On the contrary, the present 
model shows that Zent(k = w = 0) a t  low concentration 
varies with concentration at  least with a second-power law, 
while the Freed-Edwards self-consistent method calcula- 
tion gives an unphysical first-power dependence. 

As is well-known in the study of the dynamics of net- 
works, the relaxation times should be calculated for the 
network as a whole and not for the strands and junctions 
separately. Methods such as those given recently by 
G r a e ~ s l e y ~ ~  might be adaptable to entangled systems by 
treating the entanglements as slip-linkages following Ed- 
wards.26 This difficult task is left for a future study. 

6. Discussion 
The multiple scattering representation of the concen- 

tration dependence of the hydrodynamics of polymer so- 
lutions is reformulated by using a discrete polymer chain 
model in order to facilitate comparisons with the Rouse- 
Zimm theory in the limit of infinite dilution and to al- 
leviate previous difficulties with subtle mathematical lim- 
iting procedures involved in obtaining the long-chain, 
long-wavelength, low-frequency dynamical properties of 
polymer solutions. 

The discrete chain representation enables us to  prove 
that hydrodynamic screening is absent within a single 
phantom polymer chain. This theorem then enables us 
to transform the multiple scattering theory correlation 
function for the dynamic intrinsic viscosity identically into 
the corresponding Rouse-Zimm form when the preaver- 
aging approximation is invoked. It is further proven that 
hydrodynamic screening likewise vanishes identically order 
by order in the multiple scattering expansion and, hence, 
order by order in concentration for phantom chains. As 
hydrodynamic screening is responsible for the transition 
from a low-concentration Rouse-Zimm-like dependence 
of the intrinsic viscosity to a high-concentration Rouse-like 
limit, the physical origins of this transition must arise from 
the departure of the polymers from phantom chains. A 
resolution of this question may be deduced from the results 
of recent studies of the concentration dependence of the 
hydrodynamics of suspensions of spheres.14J5 

Spheres at  low concentrations are free to drift with the 
local perturbed fluid velocity as averaged over the surface 
of the sphere. Hence, there is not hydrodynamic screening 
in this case. At high concentration the sphere-sphere 
interactions impede the unrestricted ability of the spheres 

where m ( c )  is the concentration-dependent number of 
entanglements and fent(c) is the friction coefficient for the 
junction units. When the entangled units are allowed to 
fluctuate, the contribution of this motion to the k2 part 
of Zent contains [cf. (3.13)] the correlation function 

(5.5) cE( t  - t? = ( [ r E ( t )  - rE(t?I2) 
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to drift with the fluid, and at  sufficiently high sphere 
concentration the motion of the spheres is largely frozen 
out, with the spheres becoming a randomly packed 
glass-like system. A Darcy’s law net retarding force12 is 
present for flow through this porous sphere glass. By 
definition this implies the presence of hydrodynamic 
screening and a transition to nonzero hydrodynamic 
screening a t  some intermediate sphere concentration. 

The physical situation in polymer solution must then 
be analogous. The polymers are spread out over a wider 
volume, and their random coil nature leads to entangle- 
ments well before the concentration is sufficient to produce 
a nonflowing porous polymer plug. These entanglements 
thus impede the ability of the polymer chains to drift with 
the fluid27 and thereby produce hydrodynamic screening. 
A simple phenomenological model is introduced to de- 
scribed qualitatively this effect. The results at  high con- 
centration are in general qualitative accord with the 
self-consistent calculations of Freed and E d w a r d ~ , ~ ~ ~  but 
the hydrodynamic screening obtained here is considerably 
reduced at  low concentration. Although the discussion is 
limited to low enough concentrations and/or short enough 
chains where a 3.4 power law for the viscosity is not to be 
observed, this model of hydrodynamic screening may be 
of relevance to the description of the entangled limit. 
Tracer chain diffusion proceeds in entangled polymer 
systems by a reptation motion.m If the reptation time were 
the longest relaxation time, then the viscosity would vary 
with molecular weight M as an law. However, entan- 
glements may impede the motion of some of the chains, 
freezing out reptation for these chains. (This occurs for 
starlike polymers.) Hence, the motion of these chains must 
involve a cooperative venture, and this could, perhaps, lead 
to a higher molecular weight dependence than an I@ power 
law. This speculation should be considered through fur- 
ther experimental and theoretical study. 
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